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A wedged conﬁguration with Coulomb friction is a nontrivial equilibrium state of a linear elastic body in a frictional
unilateral contact with a rigid body under vanishing external loads. We analyze here the relation between the geometry of
the elastic body and the friction coeﬃcient for which wedged conﬁgurations exist in a 3-D context.
The critical friction coeﬃcient, lw, is deﬁned as the inﬁmum of a supremal functional deﬁned on the set of admissible
normal displacement and tangential stresses. For friction coeﬃcients l with l > lw the wedged problem has at least a solu-
tion and for l < lw there exits no wedged conﬁgurations. For the in-plane problem we discuss the link between the critical
friction and the smallest real eigenvalue ls which is related to the loss of uniqueness.
The wedged problem is stated in a discrete framework using a mixed ﬁnite element approach and the (discrete) critical
friction coeﬃcient lwh is introduced as the solution of a global minimization problem involving a non diﬀerentiable and
non-convex functional. The existence of Uh, the displacement ﬁeld of a critical wedged state, is proved and a speciﬁc
numerical method, based on a genetic algorithm, was developed to compute the critical wedged conﬁgurations. Some tech-
niques to handle the discontinuities of the normal vector on the contact surface are presented and the analysis is illustrated
with three numerical simulations.
 2007 Elsevier Ltd. All rights reserved.
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algorithms1. Introduction
By a ‘‘wedged conﬁguration’’ with Coulomb friction we mean a nontrivial equilibrium state of a lin-
ear elastic body which is in frictional contact with a rigid body, under vanishing external loads. Since
wedged conﬁgurations concern contacting bodies in a self sustaining stresses states, they appear to be
of industrial interest in problems associated with automated assembly and manufacturing processes
(see Moseman and Wahl, 2001; Sturgers and Laowatta, 1996). In these processes, which require close0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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assembled conﬁgurations.
The theoretical interest of wedged conﬁgurations is related to the non uniqueness of the equilibrium
problem with Coulomb friction in linear elasticity (see for instance Ballard, 1999; Janovsky´, 1981;
Klarbring, 1990; Hassani et al., 2003, 2006). The wedged states concern a special type of non-unique-
ness in which one of the solution is the trivial one. As far as we know, the ﬁrst study on the subject
was done by Barber and Hild (2004), who have related it to the eigenvalue analysis of Hassani et al.
(2003, 2006).
The aim of this paper is to ﬁnd the relation between the geometry of the elastic body (including the
boundaries distribution) and the friction coeﬃcient for which wedged conﬁgurations exist. It is beyond
the scope of the present work to discuss the quasi-static or dynamic trajectory of the body from the
reference conﬁguration to the wedged equilibrium. The (dynamic) stability conditions of the wedged
conﬁgurations, are the same as for the stability of any equilibrium state under Coulomb friction
(see for instance Martins et al., 1999; Cho and Barber, 1999; Pinto da Costa et al., 2004; Hassani
et al., 2006).
Let us outline the content of the paper. The wedged conﬁguration with Coulomb friction is considered
ﬁrstly in a 3-D continuous framework in Section 2. The inﬁmum of a supremal functional, deﬁned on the
set of admissible normal displacement and tangential stresses, turns out to be lw, the critical friction coeﬃ-
cient. We prove, in Section 3, that for friction coeﬃcients l with l > lw the wedged problem has at least a
solution and for l < lw there exits no wedged conﬁgurations.
For the in-plane problem we discuss, in Section 4, the link between the critical friction and the smallest real
eigenvalue ls which appears in the article of Hassani et al. (2006) to be a critical coeﬃcient for the loss of
uniqueness. For the wedged problem, the eigenfunction corresponding to the smallest real eigenvalue has
to satisfy additional inequalities on contact boundary. If these inequalities are not satisﬁed there is no connec-
tion between the spectral problem and the wedged conﬁguration.
In Section 5, the wedged problem is stated in a discrete framework using a mixed ﬁnite element approach
and the (discrete) critical friction coeﬃcient lwh is introduced as the solution of a global minimization problem
involving a non diﬀerentiable and non-convex function. We prove that there exist Uh a critical displacement
ﬁeld which is a wedged conﬁguration, for all friction coeﬃcients lP lwh .
There exists a large number of papers and books related to the numerical methods in contact mechanics (see
for instance Haslinger et al., 1996; Kikuchi and Oden, 1988; Laursen, 2002; Wriggers, 2002; Zong, 1993, and
the references given there). Using one of these methods, and with a clever choice of the loading/unloading his-
tory of external data, some wedged conﬁgurations can be computed. This kind of approach would give an
upper bound of the critical wedged friction coeﬃcient lwh which is not useful in detecting the critical wedged
conﬁgurations Uh. That is why we have developed a special technique, based on a genetic algorithm, which is
presented in Section 6.
In Section 7, we give some techniques to handle the discontinuities of the normal vector on the contact sur-
face. Finally, the analysis is illustrated with three numerical simulations.
2. Problem statement
We consider the deformation of an elastic body occupying, in the initial unconstrained conﬁguration a
domain X in Rd, with d = 3 in general and d = 2 in the in-plane conﬁguration. The Lipschitz boundary oX
of X consists of CD, CN and CC. We assume that the displacement ﬁeld u is vanishing on CD and that the
boundary part CN is traction free (i.e. the density of surface forces is vanishing). In the initial conﬁguration,
the part CC is considered as the candidate contact surface on a rigid foundation (see Fig. 1) which means
that the contact zone cannot enlarge during the deformation process. The contact is assumed to be frictional
and the stick, slip and separation zones on CC are not known in advance. In order to simplify the problem, and
without any loss of generality we will suppose that the body X is not acted upon by volume forces (i.e. the
given density of volume forces are vanishing).
Denoting by n the unit outward normal vector of oX and by l > 0 the friction coeﬃcient on CC the wedged
problem (WP) can be formulated as
ΩΓ
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C
Fig. 1. Schematic representation of the wedged geometry: the domain X and its boundary divided in three parts CD, CN and CC.
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rðUÞ ¼ CeðUÞ; div rðUÞ ¼ 0 in X; ð2:1Þ
U ¼ 0 on CD; rðUÞn ¼ 0 on CN ; ð2:2Þ
Un 6 0; rnðUÞ 6 0; UnrnðUÞ ¼ 0; jrtðUÞj 6 lrnðUÞ on CC; ð2:3Þwhere e(U) = ($U + $T U)/2 denotes the linearized strain tensor ﬁeld, C is a fourth order symmetric and ellip-
tic tensor of linear elasticity and we adopted the following notation for the normal and tangential components:
U = Unn + Ut and r(U)n = rn(U)n + rt(U).
Let remark ﬁrst that U is an equilibrium conﬁguration of the dynamic (or quasi-static) formulation of the
elastic problem with Coulomb friction but U is not a solution of the static formulation.
The function U is determined up to a positive multiplicative constant, i.e. if U is a solution then tU is also a
solution for all t > 0. Let us also remark that if U is a solution of (WP) for a friction coeﬃcient l then it is also
a solution for all friction coeﬃcients lP l.
An other important remark is the fact that (WP) problem depends only on the geometry of X and on the
elastic coeﬃcients. For the isotropic elastic media only the Poisson ratio is involved in the formulation of (WP)
and not the Young modulus.
3. Critical friction as an inﬁmum of a supremal functional
Let Rt =: {s :Cc ! Rd; s Æ n = 0} and Rn =: {r :Cc ! R} be the spaces of the tangential and normal stresses
and let denote by Sn =: {v :Cc ! R} be the space of normal displacements on CC. For all admissible tangential
stress s 2 Rt and all admissible normal displacement v 2 Sn we consider the displacement ﬁeld
U ¼ Uðs; vÞ : X ! Rd solution of the following elasto-static problem:rðUÞ ¼ CeðUÞ; div rðUÞ ¼ 0 in X; ð3:4Þ
U ¼ 0 on CD; rðUÞn ¼ 0 on CN ; ð3:5Þ
Un ¼ v on CC; rtðUÞ ¼ s on CC: ð3:6ÞWe can deﬁne now the operator L : Rt  Sn ! Rn by Lðs; vÞ :¼ rnðUÞ. This operator associates to each tan-
gential stress s and normal displacement v the normal stress rn(u) which corresponds in an equilibrium state
of the elastic body.
From the unilateral conditions on the contact boundary (2.3) we deduce that the tangential stress and the
normal displacement, implied in a wedged conﬁguration are not independent and have to belong to S a cone
of Rt · Sn deﬁned byS ¼: fðs; vÞ 2 Rt  Sn; ðs; vÞ 6¼ 0; v 6 0; vjsj ¼ 0 on CCg:
Indeed, if in a point x of CC there is no contact (i.e. v(x) = Un(x) < 0) then the normal stress rn(U)(x) = 0 and
from the friction law we get s(x) = rt(U)(x) = 0. Moreover, to satisfy all the inequalities involved in the uni-
lateral contact conditions (2.3) we have to impose some conditions on the normal stress rnðUÞðxÞ ¼ Lðs; vÞ by
considering the cone of admissible states Sadm given by:Sadm :¼ fðs; vÞ 2 S; Lðs; vÞ 6 0; vLðs; vÞ ¼ 0 on CCg:
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placements Sadm is the Coulomb friction law |rt(U)| 6 lrn(U) which can be rewritten as lP  jsðxÞjLðs;vÞðxÞ, for all
x 2 CC with rn(U)(x) < 0. This means that the frictional quotient (i.e. the tangential stress divided by the nor-
mal stress) has to be less than the frictional coeﬃcient l in each point x of the contact boundary CC. In order
to capture that in our formulation we consider the supremal functional J : S ! R [ fþ1g deﬁned byJðs; vÞ ¼ supx2CCQðjsðxÞj;Lðs; vÞðxÞÞ;
where Q :R+ · R ! R+ [ {+1} is the (frictional) quotient given byQðt; rÞ :¼
tr if r < 0;
0 if t ¼ 0;
þ1 if r ¼ 0 and t > 0:
8><
>: ð3:7ÞIn order to see the connection between the supremal functional J and the wedged problem let us ﬁrstly remark
that for all ðs; vÞ 2 Sadm with ﬁnite J(s,v) the ﬁeld U ¼ Uðs; vÞ (i.e. solution of the linear elastic problem) (3.4)–
(3.6) is a solution of (WP) for all frictional coeﬃcients lP J(s,v). Indeed, since U ¼ Uðs; vÞ, from (3.4), (3.5),
we deduce thatU satisﬁes (2.1) and (2.2). Bearing in mind that ðs; vÞ 2 Sadm and rnðUÞ ¼ Lðs; vÞ we get Un 6 0,
rn(U) 6 0, and Unrn(U) = 0. If rn(U)(x) = 0 from J(s,v) < +1 we get |rt(U)(x)| = 0. If rn(U)(x) < 0 then
jrtðUÞðxÞj=rnðUÞðxÞ ¼ QðjsðxÞj;Lðs; vÞðxÞÞ 6 Jðs; vÞ 6 l and we obtain |rt(U)(x)| 6 lrn(U)(x) for all
x 2 CC which means that U is a solution of (WP).
Let lw be the inﬁmum of J on Sadm, given bylw :¼ inf ðs;vÞ2SadmJðs; vÞ;
which will be called in the following the critical friction coeﬃcient for the wedged problem. In order to see that,
let suppose that Sadm is not empty and lw is ﬁnite. Then from the above remark we deduce thatFor all l > lw the problem ðWP Þ has at least a solution: ð3:8Þ
LetU be a solution of (WP) and denote by v = Un, s = rt(U). Let us prove that lP l
w. From (2.3) we get that
if v(x) < 0 then rn(U)(x) = 0 and then |s(x)| = 0, hence ðs; vÞ 2 Sadm. We compute now J(s,v) to deduce that
lP J(s,v) and since J(s,v)P lw we get lP lw. Indeed if Lðs; vÞðxÞ ¼ rnðUÞðxÞ < 0 then lP Q(|s(x)|,
rn(U)(x)) and if rn(U)(x) = 0 then |s(x)| = 0 and Q(|s(x)|,rn(U)(x)) = 0 < l. Taking the upper bound for
x 2 CC we get lP J(s,v)P lw. That means that:If l < lw then ðWPÞ has no solution: ð3:9Þ
As it follows from the above two statements for a given geometry and for some given elastic coeﬃcients (Pois-
son ratio in the case of isotropic elastic materials), wedged conﬁgurations exist only if the friction coeﬃcient is
larger than the critical value lw.
4. Links with spectral analysis
We consider in this section the in-plane conﬁguration, i.e. we have to take d = 2. This assumption is essen-
tial in deﬁning the spectral problem.
Let P be a partition of the boundary CC into two zones: C
free
C the free (no contact) zone and C
0
C the non
vanishing tangential stress zone. With this partition of CC we deﬁne a new partition of C ¼ CD [ C0N [ C0C,
where C0N ¼ CN [ CfreeC , and we associate a given ‘‘directional function’’ v : C0C ! f1; 1g.
For a given couple of partition P and directional function v we consider the spectral problem (SP)(P; v)
introduced by Hassani et al. (2003, 2006) as follows:
Spectral problem (SP). Find lsP 0 and the nontrivial displacement ﬁeld Us :X! R2 such that
rðUsÞ ¼ CeðUsÞ; div rðUsÞ ¼ 0 in X; ð4:10Þ
Us ¼ 0 on CD; rðUsÞn ¼ 0 on C0N ; ð4:11Þ
Usn ¼ 0; rtðUsÞ ¼ lsvrnðUsÞ on C0C; ð4:12Þ
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of oX.
As it follows from the articles of Hassani et al. (2003, 2004) the smallest real eigenvalue ls appears as a
critical coeﬃcient for the loss of uniqueness. More precisely, the loss of uniqueness is related to the velocity
problem obtained after an implicit time discretization of a quasi-static process. It is not possible to transpose
directly the spectral problem in the wedged conﬁguration context. Indeed, the bifurcation (non uniqueness)
results are valid for non vanishing slip rates of the reference solution (see condition (3.1) of Hassani et al.
(2003)), which is not true for a static conﬁguration.
In order to formulate the link between the wedged and the spectral problems let ls ¼ lsðP; vÞP 0 and
Us ¼ UsðP; vÞ be a solution of the spectral problem (SP) for a given choice of the partition P and directional
function v. If Usn 6 0; rnðUsÞ 6 0 on CC (or Usn P 0; rnðUsÞP 0 on CC) then Us (or Us) is a solution of the
problem (WP). Indeed, for x 2 C0C we have UsnðxÞ ¼ 0 and |rt(Us)(x)| = ls rn(Us)(x). If x 2 C0N then
rt(U
s)(x) = rn(U
s)(x) = 0 hence Us satisﬁes (2.3) for all x 2 CC. That means that Us is a solution of (WP)
and from (3.8) we getlw 6 lsðP; vÞ: ð4:13Þ
The above spectral problem has a low cost of computational time. In order to obtain a upper bound of lw, one
can choose to compute the smallest positive eigenvalue lsðP; vÞ for diﬀerent choices of P and v. If the above
inequalities on the normal displacement and normal stress are veriﬁed then lsðP; vÞ gives an upper estimation
of lw. However, the computational time for changing the boundary conditions (included in the partition of
CC) and the great number of choices for P and v, make this method not so attractive to compute the critical
friction for the wedged problem.
No other conditions, to be imposed on the eigenfunction, are necessary for ls to be the critical coeﬃcient
for the quasi-static problem with Coulomb friction. In contrast, for the wedged problem, the eigenfunction
corresponding to the smallest real eigenvalue has to satisfy additional inequalities on CC. If these inequalities
are not satisﬁed then there is no connection between the spectral problem and the wedged conﬁguration (i.e.
we can have ls < lw too). The spectral critical coeﬃcient ls is related to the fact that a given geometry is open
to a ‘‘general’’ non-uniqueness and the wedged critical coeﬃcient lw is related to a special type of non-unique-
ness in which one of the solution is the trivial one.
5. Mixed ﬁnite element approach of the critical friction
The body X is discretized by using a family of triangulations ðT hÞh made of ﬁnite elements of degree kP 1
where h > 0 is the discretization parameter representing the greatest diameter of a triangle in T h. The space of
ﬁnite elements approximation is:Vh ¼ vh; vh 2 ðCðXÞÞd ; vhjT 2 ðPkðT ÞÞd 8T 2 T h; vh ¼ 0 on CD
n o
;where CðXÞ stands for the space of continuous functions on X and Pk(T) represents the space of polynomial
functions of degree k on T. On the boundary of X, we still keep the notation vh = vhnn + vht for every vh 2 Vh
and we denote by (Th)h the family of (d  1)-dimensional mesh on CC inherited by ðT hÞh. SetShn ¼ m; m ¼ vhjCC  n; vh 2 Vh
n o
;the space of normal displacements which is included in the space of continuous functions on CC which are
piecewise of degree k on (Th)h. For the tangential and normal stresses we putRht ¼ sh; sh 2 ðCðCCÞÞd1; shjT 2 ðPkðT ÞÞd1 8T 2 T h
n o
;
Rhn ¼ rh; rh 2 CðCCÞ; rhjT 2 PkðT Þ 8T 2 T h
 
;The discrete problem issued from the continuous wedged problem (WP) becomes:
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X
CeðUhÞ : eðvhÞdX ¼
Z
CC
khnvhn dCþ
Z
CC
kht  vht dC; ð5:14Þ
ðUnÞi 6 0; ðkhnÞi 6 0; ðUnÞiðkhnÞi ¼ 0; jðkhtÞij 6 lðkhnÞi; ð5:15Þ
for all vh 2 Vh and 1 6 i 6 p, where (Un)i, (khn)i and (kht)i with 1 6 i 6 p, denote the nodal values on CC of
Uhn, khn and kht, respectively.
One can formulate the ﬁnite element approach of the wedged problem using the generalized loads. To do
this we denote by p the dimension of Shn and by wi, 1 6 i 6 p the corresponding canonical ﬁnite element basis
functions of degree k. For all m 2 Shn (or in Rht) we shall denote by F(m) = (Fi(m))16i6p the generalized loads at
the nodes of CC:F iðmÞ ¼
Z
CC
mwi; 81 6 i 6 p:The corresponding boundary conditions for the wedged problem with generalized loads readðUnÞi 6 0; F iðknÞ 6 0; ðUnÞiF iðknÞ ¼ 0; jF iðktÞj 6 lF iðknÞ; 1 6 i 6 p: ð5:16Þ
If a generalized load formulation of the wedged problem is adopted (i.e. (5.15) is replaced by (5.16)) then the
method developed in the next two sections are essentially the same. Only some minor modiﬁcations have to be
done.
Let us deﬁne now the discrete version of the operator L by Lh : Rht  Shn ! Rhn as follows. For all sh 2 Rht
and wh 2 Shn we consider the displacement ﬁeld Uh ¼ Uhðsh;whÞ 2 Vh, solution of the following elasto-static
problemUhn ¼ wh on CC;
Z
X
CeðUhÞ : eðvhÞdX ¼
Z
CC
sh  vht dC; 8vh 2 Wh; ð5:17ÞwhereWh :¼ vh 2 Vh; vh  n ¼ 0; on CCf g:
Let Lhðsh;whÞ 2 Rhn be the normal stress associated to Uh ¼ Uhðsh;whÞ, i.e.Z
X
CeðUhÞ : eðvhÞdX ¼
Z
CC
Lhðsh;whÞvhn dCþ
Z
CC
sh  vht dC; 8vh 2 Vh: ð5:18ÞIf p is the dimension of Shn then the (discrete) linear operator Lh is a p · 3p matrix for the 3-D problem and a
p · 2p matrix for the in-plane problem. Let Sh be the cone (in the space of tangential stresses and normal dis-
placements Rht · Shn) given bySh :¼ fðsh; vhÞ 2 Rt  Sn; ðr; vhÞ 6¼ 0; ðvhÞi 6 0; ðvhÞijðshÞij ¼ 0; 1 6 i 6 pg;
and Sadmh the cone of admissible statesSadmh :¼ fðsh; vhÞ 2 Sh; ðLhðsh; vhÞÞi 6 0; ðvhÞiðLhðsh; vhÞÞi ¼ 0; 1 6 i 6 pg: ð5:19Þ
We deﬁne the (discrete) supremal functional Jh : S
adm
h ! R [ fþ1g as followsJhðsh; vhÞ ¼ max
16i6p
QðjðshÞij; ðLhðsh; vhÞÞiÞ;with Q given by (3.7) and we put lwh aslwh :¼ inf ðsh;vhÞ2Sadmh J hðsh; vhÞ:
which turns out to be the (discrete) critical frictional coeﬃcient for the wedged problem (WP)h. In order to see
that let us suppose that Sadmh is not empty and l
w
h is ﬁnite. In contrast with the continuous case, for the discrete
formulation of the wedged problem we can prove that the inﬁnimum in the above deﬁnition of the critical
friction lwh is attaint. More precisely we have:There exists ðsh; vhÞ 2 Sadmh such that Jhðsh; vhÞ ¼ lwh : ð5:20Þ
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Jh(t(sh,vh)) = Jh(sh,vh) for all t > 0, we can normalize S
adm
h through a given norm. To do this let B1 be a unit
ball in the space Rht · Shn and S1h ¼ Sadmh \ B1. We can reduce now the minimization of Jh on the closed cone
Sadmh to the minimization of Jh on the compact set S
1
h. Let us prove now that Jh is lower semi-continuous
(l.s.c.). To see that we remark that Q is l.s.c. on R+ · R which means that W iðsh; vhÞ :¼ QðjðshÞij;
ðLhðsh; vhÞÞiÞ is l.s.c. on S1h for all 1 6 i 6 p. Since Jh is a maximum of a ﬁnite set of l.s.c. functionals we get
that Jh is l.s.c. also. We can deduce now the existence of a global minimum ðsh; vhÞ of the l.s.c. functional
Jh on a compact set S
1
h from the Weistrass theorem.
Let Uh; k

hn; k

ht be the critical displacement ﬁeld and normal/tangential stresses associated to the (discrete)
wedged problem, corresponding to ðsh; vhÞ and given by Uh ¼ Uhðsh; vhÞ; khn ¼ Lhðsh; vhÞ; kht ¼ sh. One can
use the same techniques as in the proof of the continuous case to deduce thatðUh; khn; khtÞ is a solution of ðWPÞh for all lP lwh ; ð5:21Þ
If l < lwh then the problem ðWPÞh has no solution: ð5:22Þ6. Genetic algorithm approach
For the sake of simplicity, only the plane problem will be considered here but the extension to the 3-D prob-
lem can be done without any diﬃculty.
We give in the next some details of application of genetic algorithms to the plane problem for k = 1. For all
(sh,vh) 2 Rht · Shn with shðxÞ ¼
Pp
i¼1T iwiðxÞ; vhðxÞ ¼
Pp
i¼1V iwiðxÞ, we have (sh)i = Ti,(vh)i = Vi. First we have to
compute the matrix Lij of Lh, i.e.Lhðsh; vhÞðxÞ ¼
Xp
i¼1
Xp
j¼1
LijT j þ
Xp
k¼1
Li;pþkV k
 !
wiðxÞ: ð6:23ÞWe recall here that Lh associates the normal stress rh corresponding to the equilibrium state of the elastic body
under the tangential stress sh and the normal displacement vh. Let us give here some details on how to compute
the matrix Lij associated to Lh. For all 1 6 j 6 p ﬁxed we denote by ujh 2 Vh the solution of the elastic problem
associated to a normal displacement localized on the node j, i.e.ðujnÞl ¼ dlj on CC;
Z
X
CeðujhÞ : eðvhÞdX ¼ 0; 8vh 2 Wh;and then we solve the systemXp
i¼1
Lij
Z
CC
wivhn dC ¼
Z
X
CeðujhÞ : eðvhÞdX; 8vh 2 Vh;to get Lij for all 1 6 i 6 p. If p + 1 6 j 6 2p then we solve the elastic problem associated to a tangential stress
localized on the node j  p, i.e.ujhn ¼ 0 on CC;
Z
X
CeðujhÞ : eðvhÞdX ¼
Z
CC
wjpvht dC; 8vh 2 Wh;to ﬁnd ujh 2 Vh and then we solve the systemXp
i¼1
Lij
Z
CC
wivhn dC ¼
Z
X
CeðujhÞ : eðvhÞdX
Z
CC
wjpvht dC; 8vh 2 Vh;to get Lij for all 1 6 i 6 p.
Since the functional Jh is positively homogenous of degree 0 (i.e. Jh(t(s,v)) = Jh(s,v) for all t > 0) we can
normalize Sh through the ‘‘maximum’’ norm to getS1h :¼ fðsh; vhÞ 2 Rt  Sn; V i 2 ½1; 0; T i 2 ½1; 1; V ijT ij ¼ 0; 1 6 i 6 pg:
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time for Jh is small and if the dimension of S
1
h is not too large. As a matter of fact, global optimization of
nonconvex functional requires many evaluations of the cost function. Thus, in order to increase the eﬃciency
of the algorithm, we reduce the dimension of S1h from 2p to p as follows. Firstly we remark that if ðsh; vhÞ 2 S1h
then (Ti,Vi) 2 D := {0} · [1,0] [ [1,1] · {0}. After that we construct h = (T,V) : [1,1]! D as a continu-
ous and surjective function. One choice of h(s) = (T(s),V(s)) can be the following (see Fig. 2)T ðsÞ ¼ ð4sþ 1Þ=3; V ðsÞ ¼ 0; if s 2 ½1;1=4;
T ðsÞ ¼ 0; V ðsÞ ¼ 4jsj  1; if s 2 ½1=4; 1=4;
T ðsÞ ¼ ð4s 1Þ=3; V ðsÞ ¼ 0; if s 2 ½1=4; 1:
8><
>:We notice that the application W : ðs1; . . . ; spÞ ! ð
Pp
i¼1T ðsiÞwi;
Pp
i¼1V ðsiÞwiÞ is surjective from [1,1]p to S1h.
We can deﬁne now the setK :¼ ðs1; . . . ; spÞ 2 ½1; 1p; Wðs1; . . . ; spÞ 2 Sadmh
  ð6:24Þand J : ½1; 1p ! Rþ [ fþ1g such that J ðs1; . . . ; spÞ ¼ JhðWðs1; . . . ; spÞÞJ ðs1; . . . ; spÞ :¼
max
i¼1;...;p
QðT ðsiÞ;
Pp
j¼1
LijT ðsjÞ þ
Pp
k¼1
Li;pþkV ðskÞÞ; if ðs1; . . . ; spÞ 2 K
þ1; otherwise;
8<
: ð6:25Þto get the following minimization problem for J on [1,1]p
lwh ¼ minðs1;...;spÞ2½1;1p J ðs1; . . . ; spÞ: ð6:26ÞFrom the deﬁnition of our optimization problem it is intuitively clear that the supremal functional has a great
number of local minima. On the other hand, the functional J is smooth (continuous and piecewise two times
diﬀerentiable) with respect to the parameters si inside of the admissible set. With such a local regularity it is
straightforward to implement an eﬃcient procedure of local optimization (with Newton’s like methods for
instance).
Considering those two aspects of our problem we used a stochastic algorithm based on the so called
‘‘genetic hybrid technique’’ (see for instance Eiben and Schoenauer (2002) for the theoretical details of such
aglorithms). The main idea of those methods is to manage in the same time a global random exploration
of the search space and some local optimization steps. More precisely, we used an implementation of this sto-
chastic method very close from the one proposed in the EO library (see Cahon et al., 2003).Vi
Ti
-1
-1
1
θ
θ
θ
θ
Fig. 2. Example of function h = (T,V):[1,1]! {0} · [1,0] [ [1,1] · {0} used to reduce the dimension of S1h.
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Let us suppose that the contact surfaces CC contains a (wedged) point P where the outward unit normal n
has a discontinuity. Since we shall choose P to be a node (denoted by k), the same discontinuity will be inher-
ited by all the meshes which approach X. Let us ﬁrstly remark that the normal and tangential stresses (khn)k
and (kht)k of the mixed ﬁnite element formulation, given through (5.14), are well deﬁned. This is a consequence
of the fact that we deal in (5.14) with an integral formulation and the normal is well deﬁned on each segment
of the contact boundary. In contrast, the normal displacement (Un)k in the node k is not well deﬁned and the
frictional contact condition (5.15) has to be reconsidered in the context of a discontinuity of the normal.
The aim of this section is to show how the method described before have to be handled in the case of nor-
mal discontinuities of a wedged node for a 2-D conﬁguration. The 3-D case, which is much more complex, will
not be addressed in this paper. To ﬁx the ideas, let us suppose that we deal with an in-plane geometry and we
have a parametric description t! (x1(t),x2(t)) of CC. Let tP be the abscise corresponding to P ¼ ðxP1 ; xP2 Þ and let
n and n+ be the normal vectors deﬁned for t < tP and for t > tP respectively, i.e. at the left and at the right side
of P. We distinguish two situations: when the angle a between n and n+ is positive or negative (see Fig. 3). In
each case we may deﬁne the inward normal cone Cn byFig. 3.
the anCn :¼
fv; v  n 6 0g \ fv; v  nþ 6 0g; if a > 0;
fv; v  n 6 0g [ fv; v  nþ 6 0g; if a < 0:

ð7:27ÞThe frictional contact condition (5.15) in the wedged point P (i.e. for i = k) readsðUhÞk 2 Cn; jðkhtÞkj 6 lðkhnÞk;
ðkhnÞk ¼ 0; if ðUhÞk 2 IntðCnÞ
ðkhnÞk 6 0; if ðUhÞk 2 oCn;

ð7:28Þwhere Int(Cn) and oCn denote the interior and the boundary of the inward normal cone Cn.
For all sh 2 Rht and wh 2 Shn we denote by uh ¼ Uh ðsh;whÞ and by uþh ¼ Uþh ðsh;whÞ the solution of (5.17) for
the choice of the normal n = n and n = n+ in the wedged point P, respectively. We introduce now the linear
operators Mk ;M
þ
k : Rht  Shn ! R given byMk ðsh;whÞ :¼ ðUh ðsh;whÞÞk  nþ; Mþk ðsh;whÞ :¼ ðUþh ðsh;whÞÞk  n;
and let Lh ðsh;whÞ and Lþh ðsh;whÞ be deﬁned by (5.18) in which we have replaced uh by uh and by uþh , respec-
tively. The linear operators Lh ð; Þ and Lþh ð; Þ are represented by two matrixes Lij and Lþij through (6.23) in
which we have replaced Lh by L

h and by L
þ
h .Ω
ΓC
n
n
Cn
+
P
-
α > 0
n+
P
Ω
n
-
α < 0
ΓC
Cn
Examples of discontinuities of the normal and of the inward normal cone Cn. Left: the angle a between n and n+ is positive. Right:
gle a between n and n+ is negative.
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ðkhnÞk 6 0; jðkhtÞkj 6 lðkhnÞk:

ð7:29ÞTo manage the above unilateral constraint we have to modify the deﬁnition (5.19) of the cone of the admissible
states as followsSadmh :¼ fðsh; vhÞ 2 Sh; ðLh ðsh; vhÞÞi 6 0; ðvhÞiðLh ðsh; vhÞÞi ¼ 0; for all i 6¼ k
Mk ðsh;whÞ 6 0; ðLh ðsh; vhÞÞk 6 0; ðvhÞkðLh ðsh; vhÞÞkMk ðsh;whÞ ¼ 0g;and to replace the matrix L from the deﬁnition (6.25) of J by L. Then the critical wedged friction coeﬃcient
lwh is obtained as the minimum of J through the optimization technique based on the genetic algorithms pre-
sented in the previous section. Let us remark that if one chooses Lþ andMþk in the deﬁnition of S
adm
h and L
+ in
the deﬁnition (6.25) of J , then lwh the minimum of J is exactly the same.
Discontinuities of the second kind: a < 0. In this case, the frictional contact condition (7.28) readsðUhÞk  n 6 0; ðkhnÞkðUhÞk  n ¼ 0; ðkhnÞk½ðUhÞk  nþ ¼ 0;
or
ðUhÞk  nþ 6 0; ðkhnÞkðUhÞk  nþ ¼ 0; ðkhnÞk½ðUhÞk  n ¼ 0;
8><
>:
ðkhnÞk 6 0; jðkhtÞkj 6 lðkhnÞk;
8>><
>>:
ð7:30Þwhere we have denoted by [x] := (x  |x|)/2 the negative part of x. To handle these unilateral conditions it’s
more convenient to solve two optimization problems for two functionals J  and J þ. In order to do it letSadmh :¼fðsh;vhÞ 2Sh; ðLh ðsh;vhÞÞi 6 0; ðvhÞiðLh ðsh;vhÞÞi¼ 0; for all i; ðLh ðsh;vhÞÞk½Mk ðsh;whÞ ¼ 0g;
Sadmhþ :¼fðsh;vhÞ 2Sh; ðLþh ðsh;vhÞÞi 6 0; ðvhÞiðLþh ðsh;vhÞÞi¼ 0; for all i; ðLþh ðsh;vhÞÞk½Mþk ðsh;whÞ ¼ 0g;be the two cones of admissible states. We denote by K and K+ the sets deﬁned through (6.24) in which we
have replaced Sadmh by S
adm
h and by S
adm
hþ , respectively. We can deﬁne now the functionals J
 and J þ through
(6.25), in which L,K are replaced by L,K and by L+,K+, respectively. For each of these functionals we can
use the genetic optimization technique presented in the previous section to ﬁndlwh ¼ minðs1;...;spÞ2½1;1p J
ðs1; . . . ; spÞ; lwhþ ¼ minðs1;...;spÞ2½1;1p J
þðs1; . . . ; spÞ;and the corresponding wedged conﬁgurations Uh and U

hþ. The critical wedged frictional coeﬃcient l
w
h is the
minimum of these two numbers, i.e.lwh ¼ minflwh; lwhþg;
and the (global) wedged conﬁguration Uh is U

h or U

hþ, depending if l
w
h < l
w
hþ or l
w
h > l
w
hþ.
8. Numerical results
First example. For the ﬁrst test we wanted to give an example when the wedged problem and the (linear)
spectral problem has the same solution. For that we have chosen the wedged geometry of Fig. 4, where we do
not expect a non contact zone. Here the contact surface CC is represented by the solid line and the other part of
the boundary is stress free. For this particular problem it is simple and natural to choose the partition P of the
boundary CC (C
free
C ¼ ; and C0C ¼ CC) and to associate a given ‘‘directional function’’ v : C0C ! f1; 1g. We
have found a very good agreement (lwh ¼ 0:300001 and lsh ¼ 0:300005) between the two solutions (i.e. between
ðUh; lwh Þ and ðUsh; lshÞ).
Second example. The second example has been chosen such that an unexpected wedged conﬁguration exists.
The geometry is plotted in Fig. 5, with the surface CC represented by the solid line and the other part of the
boundary is stress free. The contact surface has a normal discontinuity of the ﬁrst kind (i.e. a > 0) in the left
corner of the bottom, we have used the techniques presented in the previous section to handle this diﬃculty.
Fig. 4. Left: the distribution of the wedged conﬁguration Uh (arrows) and of the stress jrðUhÞj (color scale). Right: the deformed mesh
corresponding to the displacement Uh. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
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Uh is plotted in Fig. 5.
In Fig. 6, we have plotted the distribution of the displacements (normal and tangential) on the contact sur-
face. As it can be seen, the found wedged conﬁguration Uh has no free zone where the elastic body is not in
contact with the rigid support. In this case, the comparison with the (linear) spectral problem is possible, if we
choose the partition P of the boundary CC and the associated sliding directions v following the wedged con-
ﬁguration already computed. We have found lsh ¼ 1:77, which is, as stated in (4.13), larger than the critical
wedged frictional coeﬃcient lwh ¼ 1:59.
In order to see the inﬂuence of the mesh size (i.e. of h) we have performed the same computations on three
meshes. The ﬁrst one has 61 nodes (h = h1), the second one has 31 nodes (h = h2) and the third one has 16
nodes (h = h3) on CC. We have found the variation of the wedged frictional coeﬃcient lwh is not large
(lwh1 ¼ 1:59627; lwh2 ¼ 1:55045; lwh3 ¼ 1:68817) and the normal and the distribution of tangential stresses areFig. 5. The computed wedged conﬁguration. Left: the distribution of the Von-Mises stress jr0ðUhÞj (color scale). Right: the deformed mesh
corresponding to the displacement Uh. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
Fig. 6. The distribution of the normal displacement and of the tangential displacement on the contact zone CC (red : bottom side, green :
left side). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
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coeﬃcient lwh upon the mesh reﬁnement. As far as we have computed the wedged conﬁgurations we have not
found any signiﬁcant dependence on the mesh of the numerical results.
Third example. In the third test we wanted to point out that there are wedged conﬁgurations with free zones
on the contact surface. For that we have considered the geometry drawn in Fig. 6. As before the contact sur-
face CC is represented by the solid line and the other part of the boundary is stress free. The normal discon-
tinuity of the contact surface, which is of the second kind (i.e. a < 0), has been handled using the techniquesFig. 7. The distribution of the normal stress (left) and of the tangential stress (right) on the bottom side of the contact boundary for
diﬀerent meshes: 61 nodes (blue), 31 nodes (green) and 16 nodes (red) on CC. (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this paper.)
Fig. 8. The computed wedged conﬁguration. Left: the distribution of the Von-Mises stress jr0ðUhÞj (color scale). Right: the deformed mesh
corresponding to the displacement Uh. Note that the wedged conﬁguration exhibits two no contact zones. (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
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corresponding wedged conﬁguration Uh is plotted in Fig. 8. The founded wedged solution U

h exhibits two no
contact zones. In this case, it is not relevant to compute the spectral problem. Indeed, there is no evident
mechanical conﬁguration and there are too many things to be guessed: ﬁrstly the non contact zones and then
the sliding direction of each node.
9. Conclusions
Wedged conﬁguration (i.e. nontrivial equilibrium state of a linear elastic body which is in frictional contact
with a rigid body, under vanishing external loads) appears to be of industrial interest in problems associated
with automated assembly and manufacturing processes. The wedged states concern a special type of non-
uniqueness in which one of the solution is the trivial one.
The relation between the geometry of the elastic body (including the boundaries distribution) and the fric-
tion coeﬃcient for which wedged conﬁgurations exist, was analyzed in this paper in a 3-D context. We have
deﬁned lw, the critical friction coeﬃcient, as the inﬁmum of a supremal functional. For friction coeﬃcients l
with l > lw the wedged problem has at least one solution and for l < lw there exits no wedged conﬁgurations.
If the wedged problem is stated in a discrete framework using a mixed ﬁnite element approach then the (dis-
crete) critical friction coeﬃcient lwh can be introduced as the solution of a global minimization problem involv-
ing a non diﬀerentiable and non-convex function. Then, there exist Uh a critical displacement ﬁeld which is a
wedged conﬁguration, for all friction coeﬃcients lP lwh .
Using one of classical numerical methods in contact mechanics, and with a clever choice of the loading/
unloading history of external data, some wedged conﬁgurations can be computed. That will give an upper
bound of the critical wedged friction coeﬃcient lwh but it’s not so useful in detecting the critical wedged con-
ﬁgurations Uh. A special technique, based on a genetic algorithm we have been developed here.
Some techniques to handle the discontinuities of the normal vector on the contact surface are presented and
the analysis is illustrated with three numerical simulations.
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